We investigate the spatial distribution of inertial particles suspended in the bulk of a turbulent inhomogeneous flow. By means of direct numerical simulations of particle trajectories transported by the turbulent Kolmogorov flow, we study large and small scale mechanisms inducing inhomogeneities in the distribution of heavy particles. We discuss turbophoresis both for large and weak inertia, providing heuristic arguments for the functional form of the particle density profile. In particular, we argue and numerically confirm that the turbophoretic effect is maximal for particles of intermediate inertia. Our results indicate that small-scale fractal clustering and turbophoresis peak in different ranges in the particles' Stokes number and the separation of the two peaks increases with the flow's Reynolds number.
We investigate the spatial distribution of inertial particles suspended in the bulk of a turbulent inhomogeneous flow. By means of direct numerical simulations of particle trajectories transported by the turbulent Kolmogorov flow, we study large and small scale mechanisms inducing inhomogeneities in the distribution of heavy particles. We discuss turbophoresis both for large and weak inertia, providing heuristic arguments for the functional form of the particle density profile. In particular, we argue and numerically confirm that the turbophoretic effect is maximal for parti- while transported by the flow, which is relevant to several processes including: warm-rain initiation 3, 4 , planetesimal formation in the early solar system [5] [6] [7] , chemical reactions and industrial processes 8, 9 . In recent years much attention has been gathered by the dissipative dynamics resulting from particle inertia which can induce small-scale fractal clustering also in homogeneous flows 3, 4, [10] [11] [12] [13] . This can have relevant consequences for the rate of collision, coalescence and reaction of particles. Another well known unmixing mechanism in turbulent aerosols is turbophoresis: inertial particles migrating in regions of lower turbulent diffusivity, similarly to thermophoresis 14 , for which Brownian particles are subject to an effective drift opposite temperature gradients. Turbophoresis has been mostly studied in presence of boundaries, because as a mechanism for particle deposition in turbulent boundary layers 15, 16 it finds applications both for industrial processes (for removing submicron sized particles from gas streams) and the environment (dry deposition in the atmosphere 17 ).
Nonetheless, the mechanism of turbophoresis is independent of the presence of boundaries as, in principle, it only requires the presence of inhomogeneities in the flow.
In this work we investigate the phenomenology of turbophoresis in a turbulent shear flow without walls. We point out the differences between this mechanism which causes inhomogeneity at large scales and the small-scale clustering which occurs at viscous scales.
II. EQUATIONS OF MOTION AND PARAMETERS
As a paradigmatic case of inhomogeneous unbounded flow, we consider the turbulent Kolmogorov flow, obtained by sustaining the Navier-Stokes equations for the incompressible velocity field u,
with a sinusoidal force F (z) = F 0 cos(z/L)ê 1 , where p is the pressure, ν the fluid kinematic viscosity, andê 1 denotes the unit vector along the horizontal direction. The laminar fixed A remarkable peculiarity of monochromatic forcing is that the resulting mean velocity profile, u = U cos(z/L)ê 1 , is monochromatic also in the turbulent regimes 19, 20 . Above and in the following, the brackets · · · denote the average over (x, y) and over time, while
f dz/(2πL). Due to the change of direction of the mean flow every half wavelength, the Kolmogorov flow can be seen as an array of virtual channels flowing in alternate directions without being confined by material boundaries.
The dynamics of a small spherical particle is described by the Maxey-Riley equation 21 .
Here, we focus on dilute suspensions of very small particles much heavier than the fluid, whose dynamics is dominated by the Stokes drag. In this limit, the equations for the position x and velocity v of each particle simplify tȯ
where τ = (2a 2 ρ p )/(9νρ) is the Stokes time, a and ρ p are the particle radius and density, respectively while ρ denotes the fluid density. Eqs. (2-3) assumes a Stokes flow around the particle, implying that the particle's Reynolds number must be very small:
Particle inertia is commonly parametrized in terms of the Stokes number St = τ /τ η based on the Kolmogorov time τ η , i.e., the smallest characteristic time of a turbulent flow.
However, turbophoretic effects are expected to be determined by large-scale features of the flow, namely by the interplay between the advection and the inhomogeneities of the eddy diffusivity 22 . We therefore introduce a particle inertia parameter S = τ /T by normalizing the particle response time τ with the large-scale eddy turnover time T = E/ǫ, defined as the ratio between the mean kinetic energy E and the energy dissipation rate ǫ. The parameter S is the analogous of τ + = τ u * 2 /ν, which is used in wall-bounded flows to parametrize turbophoresis 23, 24 in terms of the friction velocity u * . This amounts to measuring times in wall units, which control the scaling of inhomogeneities across the wall region. and Re = 990.
III. RESULTS AND DISCUSSION

A. Numerical Simulations
We performed direct numerical simulations (DNS) of Eq. (1) by means of a standard pseudospectral code with triple-periodic boundary conditions in a cubic domain of side Table I .
Large-scale inhomogeneities are clearly visible in the particle distribution in Fig. 1 . To reveal the correlations of particle positions with the shear-normal structure of the flow it is necessary to consider statistically averaged quantities. Figure 2 shows typical fluid velocity and particle number-density profiles obtained by averaging over the x and y directions (a) (normal to the shear) and over very long integration of hundreds of large-eddy-turn-overtimes. The modulation of the density profiles closely reflects the structure of the mean flow:
particles concentrate in the regions of maximal mean flow and minimal mean shear, away from the maxima of turbulent energy.
As it is shown in (Fig. 2) , the particle density profiles are accurately fitted by:
where ρ 0 = 1/L z is the mean uniform density and the only free-parameter is a(S), which accounts for the dependence on the particles' inertia. In the following we discuss a heuristic argument which gives support to the empirical formula (4).
B. Turbophoresis
A common approach to derive theoretical predictions for the dynamics of inertial particles is by modeling the velocity field as a Gaussian, short-correlated noise 10 . With this assumption, one can write 22 a Fokker-Planck equation for the probability density P (z, v)
to find a particle in z with vertical velocity v, in which turbulence is parametrized by a space-dependent eddy diffusivity κ(z) acting on velocity and derived from Eq. (3). It is then possible, in the limit of fast relaxation of the velocity distribution 17, 22 , to obtain an equation In the case of the Kolmogorov flow, the profile of the mean square vertical velocity is found to be u . It is worth remarking that the above argument relies on two assumptions. First, the correlation time of the flow is set to zero. Second, the particle Stokes time τ is assumed to be small enough to justify the fast relaxation of the velocity distribution. In this limit the amplitude of the spatial modulation of the particle density profile would not depend on S, namely a(S) = b. The latter, quantitative prediction does not hold if the flow has a finite correlation time, as in our case. However, we find that Eq. (4) gives the correct shape for the density profile for particles with Stokes times both shorter and longer than the correlation time of the flow, provided that the amplitude a(S) is allowed to depend on inertia.
The analogy with thermophoresis can be exploited for particles with large inertia. In this limit, the particles can be seen as a gas in equilibrium with the turbulent environment and we can interpret the spatial variations of the mean particle vertical velocity variance, v 2 z (z) , as the analogous of a space-dependent temperature field 17 . Assuming the local diffusivity proportional to the temperature, i.e. κ(z) ∼ v expected to be ρ(z) ∝ v 2 z −1 , which is in fairly good agreement with numerical results for large S (see Fig. 3 ). Moreover, we find that the particle velocity profile v 2 z has the same spatial dependence as the fluid one u 2 z , but the amplitude of the spatial modulation decreases at increasing inertia. This leads to the prediction that the amplitude a(S) in (4) is a decreasing function of the inertia for large S. (1)).
At the heart of the arguments discussed above, there is the notion that turbophoresis drives particles away from the maxima of turbulent energy, which correspond to maxima of the eddy diffusivity. In the case of the Kolmogorov flow, the maxima of turbulent fluctuations occur where the shear of the mean flow is maximum and the mean flow vanishes, i.e., at the borders between the virtual channels. Therefore, particles are driven toward the center of the virtual channels. This is in contrast with the case of a turbulent channel (or pipe) flow, in which turbulence is intense in the bulk and vanishes in the viscous sub-layer close to the walls.
In this case turbophoresis drives the particles away from the bulk and concentrates them along the walls [26] [27] [28] . In this sense, the fact that turbophoresis may eventually accumulate the particles to regions of large or small mean velocity (or mean shear) is an incidental (albeit relevant for applications) consequence of the details of the particular flow considered. The overall effect of turbophoresis can be quantified by means of the rms relative deviation of the mean density profile ρ(z) from the uniform distribution
For the specific profile (4), clearly we have χ(S) = a(S)/ √ 2. This quantity is plotted in Fig.4 as a function of the inertia parameter. In agreement with expectations, the turbophoretic effect is not monotonic as a function of inertia. It displays a maximum at S ≃ 10 −1 . The shape of the curves is not strongly affected by changing Re even though we observe, within the statistical uncertainties, a weak dependence of the position of the maximum.
Remarkably, deviations from the uniform distribution are present also for particles whose Stokes time is much smaller than the Kolmogorov time. Arguments based on local variations of the eddy diffusivity can not be used to explain the origin of such inhomogeneities, because the particle relaxation time is shorter that the shortest eddy-turnover time of the flow. The mechanism responsible for such inhomogeneities also for St ≪ 1 is related to the weak compressibility of the particle velocity field. When St ≪ 1, expanding at first order in τ the velocity of the particle one has v = u − τ (∂ t u + u · ∇u) + o(τ ) (see e.g. Ref. 
C. Small-Scale Clustering
Besides the large-scale effects discussed above, inertial particles transported in a turbulent flow display small-scale clustering. Small-scale spatial inhomogeneities originate from the dissipative dynamics in the 6-dimensional position-velocity phase space (x, v) 10, 11 . In particular, inertial particle motion asymptotically takes place on a (multi-)fractal set in phase space. A fractal dimension smaller than space dimension signals an enhanced probability to find particle pairs at short separation. Indeed, the probability to find particle pairs at separation below a certain r (smaller than the Kolmogorov scale) grows as r Turbophoresis is characterized by large scale particle density profiles which are strongly correlated to the inhomogeneities of the flow. In particular, particle density is maximal in the minima of the turbulent eddy diffusivity, which for the case of the Kolmogorov flow coincides with the maxima of the mean flow. This is an important difference with what observed in wall bounded flows, where turbophoresis concentrates particles in regions of minimum mean flow close to the boundaries and demonstrates that the regions of particle accumulation depend on the details of the flow.
